We integrate the Lifting cocycles Ψ 2n+1 , Ψ 2n+3 , Ψ 2n+5 , . . . ([Sh1,2]) on the Lie algebra Dif n of holomorphic differential operators on an ndimensional complex vector space to the cocycles on the Lie algebra of holomorphic differential operators on a holomorphic line bundle λ on an n-dimensional complex manifold M in the sense of Gelfand-Fuks cohomology [GF] (more precisely, we integrate the cocycles on the sheaves of the Lie algebras of finite matrices over the corresponding associative algebras). The main result is the following explicit form of the Feigin-Tsygan theorem [FT1]:
Introduction
The cocycles Ψ 2n+1 , Ψ 2n+3 , Ψ 2n+5 , . . . on the Lie algebra gl fin ∞ (Dif n ) of finite matrices over (polynomial, holomorphic, formal) differential operators on C n (Ψ i ∈ C i Lie (gl fin ∞ (Dif n ); C)), called Lifting formulas, were constructed in the author's works [Sh1, 2] .
In the present paper we study the various aspects of the notion of integral in Lie algebra cohomology, applied to the Lie algebra gl fin ∞ (Dif n ), namely, we integrate the cocycles Ψ 2n+1 , Ψ 2n+3 , Ψ 2n+5 , . . . on this Lie algebra on an n-dimensional complex manifold M . In this way, we obtain 1-, 3-, 5-, . . . cocycles on the sheaf of the Lie algebras of holomorphic differential operators in any holomorphic line bundle λ over M (in the sense of section 3).
It was proved in [FT1] that the cohomology algebra H
is the exterior algebra with the generators in degrees 2n + 1, 2n + 3, 2n + 5, . . . . This result was proved using the spectral sequence, connecting the Hochschild homology of an associative algebra and its cyclic homology (and the result of [T]); in particular, any explicit formulas for the generators do not follow from this computation.
Vol. 11, 2001 INTEGRATION OF THE LIFTING FORMULAS 1097
We prove that
where Ψ 2n+1 , Ψ 2n+3 , Ψ 2n+5 , . . . are Lifting cocycles (Theorem 4.3.6 in the case n = 1 and Theorem 4.4 in the general case.) We prove this theorem using the notion of the integral in Lie algebra cohomology, which is due to I.M. Gelfand and D.B. Fuks [GF] . First of all, let us recall the classical construction of the Virasoro 2-cocycle on the Lie algebra Vect(S 1 ) of smooth vector fields on the circle. We choose any (formal) coordinate system in each point x ∈ S 1 , smoothly depending on the point x; in this way, we obtain the map ι x :Vect(S 1 )→W 1 , connected with each point x ∈ S 1 (W 1 is the Lie algebra of formal vector field on the line R 1 ). Let Ψ 3 be the 3-cocycle on the Lie algebra
We obtain "in any point x ∈ S 1 " the cocycle
Lie (Vect(S 1 ); C). In fact, the cohomological class of all the cocycles Ψ 3 (x) is the same, it does not depend on the point x ∈ S 1 and on the choice of the (formal) coordinate system in the point x. It follows from this statement, that there exists a 1-form Θ 2 on S 1 with the values in C 2
In fact, the choice of Θ 2 is not unique, but there exists in a sense the canonical choice (see subsec. 2.2). The cohomological class S 1 Θ 2 does not depend on the choice of the coordinate systems. Let M be an n-dimensional complex manifold, λ be a holomorphic line bundle on M . Let Dif λ,M be the sheaf of the associative algebras of holomorphic differential operators in λ, and 
